Introduction
Turbulent flow around a rotating circular cylinder has a variety of applications including wall shear stress and mass-transfer measurement related to the corrosion studies ͓1-5͔ but is also of interest in the context of flow over convex surfaces where standard turbulence models perform poorly ͓6͔. The present interest is in flow-affected corrosion where high Schmidt numbers, typically greater than 1000, are involved. It is generally accepted that in this case the diffusion layer, where the bulk of the resistance to mass transfer exists, lies within the laminar sublayer characterized by a velocity profile which varies linearly with the distance from the wall ͓7,8͔. The geometrical configuration of the flow is rather simple; it has two homogeneous directions just like plane channel flow. Furthermore, the curvature introduced by the cylinder surface may significantly affect the turbulence structure in the vicinity of the cylinder ͓9͔. Consequently, there is a lack of detail of the flow field over the geometry on which corrosion is to be predicted. This provides the motivation to understand turbulence structure and flow mechanisms associated with this flow. However, little work has been done on this topic mainly due to the inherent difficulty of instantaneous flow measurement in the thin wall layer of a rotating cylinder surface. It is also a region of the flow which is not readily accessible with turbulence models thus leaving DNS as the only viable means of investigation.
With the advancement of computer technology, numerical investigations of the mechanism of turbulence began to attract researchers' attention. Early numerical studies concentrated on modeling Reynolds stress terms created in the ensemble-averaged Navier-Stokes ͑NS͒ equations. However, significant amounts of data were required to determine reliable model coefficients.
With the recent development of high-performance computers and efficient numerical algorithms, direct numerical simulation ͑DNS͒ can solve the NS equation directly without modeling the Reynolds stresses. For initial studies using DNS, a computational investigation of turbulent channel flow was carried out about 20 years ago ͓10-12͔. Especially, turbulence statistics that were obtained by Kim et al. ͓11͔ enabled many researchers to understand turbulence more clearly. Mansour et al. ͓12͔ computed the budgets for the Reynolds stresses and for the dissipation rate of the turbulence kinetic energy by using the DNS data of turbulent channel flow. Spalart ͓13͔ performed DNS for the turbulent boundary layer on a flat plate with zero pressure gradient, and Chung et al. ͓14͔ carried out DNS of turbulent concentric annular pipe flow. Turbulent flow over a backward-facing step was studied by Le et al. also using DNS ͓15͔. Closely related works are those ͓16,17͔ for flow in the confined space between a rotating inner cylinder and a stationary outer one but these lead to turbulent Taylor-Couette flow for which a well defined vortex pair exists within the space.
In the present study, DNS of turbulent flow around a rotating circular cylinder was performed. This flow configuration can be fundamentally important as an effective model for studying turbulence as well as turbulence models although the latter aspect is not being pursued in the present study. Recently, turbulent flow around a rotating cylinder with two backward-facing steps mounted axisymmetrically with respect to the axis of rotation was investigated using DNS by Yang et al. ͓18, 19͔ , who obtained results that were in good agreement with their experimental result. However, to the best of our knowledge, there have been no indepth studies of the mechanism and structure of turbulence around smooth rotating surfaces. In the present study, turbulence structure and turbulence kinetic energy budgets are investigated by using highly resolved DNS for three Reynolds numbers, Re R * = 161, 348, and 623, based on the cylinder radius R and friction velocity ͑u * ͒.
The main purpose is to elucidate the basic turbulence mechanism around a rotating cylinder to provide a better understanding of flow fundamentals.
Formulation and Numerical Methods
The governing incompressible continuity and momentum equations are
where u, , and denote velocity, density, and kinematic viscosity of the fluid, respectively. The last term in Eq. ͑2͒ represents the Coriolis force in the reference frame rotating at constant angular velocity ͑⍀͒ with the cylinder. Since the centrifugal force is conservative, it is included in the pressure term, and does not affect the velocity field ͓20͔. Thus, P in Eq. ͑2͒ includes not only pressure but also the centrifugal potential. The governing equations are discretized by using a finitevolume method for a generalized coordinate system. Spatial discretization is second-order accurate. A hybrid scheme is used for time advancement; nonlinear terms are explicitly advanced by a third-order Runge-Kutta scheme, and the other terms are implicitly advanced by the Crank-Nicolson scheme. A fractional step method ͓21͔ is employed to decouple the continuity and momentum equations. The resulting Poisson equation is solved by a multigrid method. Details of the numerical algorithm used in the code follow Rosenfeld et al. ͓21͔.
Choice of Parameters and Boundary Conditions
The cylinder radius is 0.01 m, and the outer boundary of the computational domain is located 0.07 m from the axis of rotation, Fig. 1͑a͒ . The spanwise size ͑W͒ of the domain is 0.024 m at rpm= 200 and 500, and 0.012 m at rpm= 1,000. The spanwise length is large enough to contain the longest wavelength of turbulence in the spanwise direction. A body-fitted O-type grid system is employed, and the number of computational cells determined by a grid-refinement study is 128ϫ 96ϫ 256 in the azimuthal ͑S͒, radial ͑r or y͒, and spanwise ͑z͒ directions, respectively, Fig. 1͑b͒ . The minimum grid sizes in S and r directions are ⌬S min + = 17.8 and ⌬r min + = 0.09, respectively, for rpm= 500; the grid size in z direction is ⌬z + = 3.3 ͑⌬z + = 2.9 for rpm= 1000͒. They are quite small compared with those of turbulent channel flow ͓11͔, and were verified for adequacy by grid refinement. One-dimensional energy spectra were computed and found to drop by at least three decades at the high wave numbers. The periodic boundary condition is employed in the homogeneous spanwise direction. The outer boundary condition needs special attention. To minimize computational costs, a proper boundary condition is employed as suggested by Yang et al. ͓18͔ . That is
where u, v, and w represent the azimuthal, normal, and spanwise velocity components, respectively. This outer boundary condition enables use of a reasonably small computational domain in the radial direction. The use of this boundary condition contrasts with the shear outer boundary used by Bilson and Bremhorst ͓16,17͔ which leads to vortical flows in the enclosed space. The advantage of the present outer boundary condition is that no shear effects are generated at that boundary. Table 1 shows the computed mean flow parameters, where U i and u * denote the rotating speed of the cylinder measured at the cylinder surface and the friction velocity, respectively. Re R is the Reynolds number based on the cylinder radius R and U i while Re R * is based on R and u * . As the transitional Re R * is 100, the flows at all three Reynolds numbers are expected to be fully turbulent ͓22͔.
Results and Discussion

Averaged Flow Field.
After the flow reached statistically steady state, instantaneous flow fields were collected for statistical evaluation. Approximately 30,000 sample data were collected in the homogenous streamwise and spanwise directions and 50 sample data in the time direction. Accordingly, more than 1.5 million data samples were collected. Figure 2 shows the averaged velocity profiles in the wall region in wall units for the three cases of Reynolds number. A viscous sublayer exists at 0 Ͻ y + Ͻ 5 where viscosity is important and the turbulent stresses are smaller than those in other regions. Moreover, the three rotational speeds show no Reynolds number dependence. Present results are quite similar to those of the turbulent channel flow ͓11͔, turbulent pipe flow ͓23͔, and turbulent boundary-layer flow over a flat plate ͓13͔. This similarity is due to the fact that these flows are dominated by viscosity and not the outer flow. The buffer layer corresponds to the range, 5 Ͻ y + Ͻ 20 where good agreement of velocity profiles is noticed for the three different rpm with only a small difference for the lower Reynolds number. However, the magnitude of the normalized streamwise mean velocity is smaller than that of the turbulent channel or boundary layer flow. The fully turbulent region is in 20Ͻ y + Ͻ 400, where the turbulent stresses and fluxes are more important than in the region of the viscous sublayer. As y + increases beyond y + = 400, the velocity profile asymptotically approaches the motion of rigid body rotation, corresponding to each rotating speed. In the region 20Ͻ y + Ͻ 70 as seen in the rotating reference frame, a logarithmic region is noted for the two higher Reynolds numbers with a slope approximately equal to the inverse of the von Karman constant as found in the flat plate, channel, and pipe flows. The difference in level of the log law given by the constant 5.5 for these flows is merely a reflection of the effective origin of the logarithmic region. In the present case, the smaller extent of the buffer layer relative to that found in these other flows and as seen in Root mean square ͑rms, denoted by ͗͒͘ velocity fluctuations normalized by friction velocity in the vicinity of the cylinder surface are displayed in Fig. 3 for rpm= 500 compared with those of the turbulent channel ͓11͔ and boundary layer flow ͓13͔. The trends are similar. However, the magnitude of streamwise rms velocity fluctuations is smaller than that of the turbulent channel or boundary layer flow near the cylinder surface leading to a smaller ratio of uЈ 2 / vЈ 2 . As for channel and pipe flows, the value of ͗uЈ͘ is greater than those of other components while ͗vЈ͘ is negligibly small near the wall with the slope in the radial direction of ͗vЈ͘ being zero at the wall.
Figures 4͑a͒ and 4͑b͒ present two-point correlations for rpm = 500 of the three fluctuating velocity components in the streamwise direction and spanwise direction, respectively, at y + = 10.5. In Fig. 4͑a͒ , the correlation value falls off to zero within 450 wall units, corresponding to 75 deg in the circumferential direction which means that the largest eddies occupy less than one quadrant of the flow domain. Figure 4͑b͒ shows that the correlation values in the spanwise direction fall off to zero within z + = 100, approximately corresponding to 11% of the spanwise computational do- main. This confirms that the spanwise computational domain is sufficiently large to contain the largest eddies. The spanwise wavelength of the streamwise velocity fluctuation ͑uЈ͒ is about two times longer than that of the radial velocity fluctuation ͑vЈ͒ as can be identified from the spanwise correlation coefficients ͑R uu , R vv ͒ in Fig. 4͑b͒ .
Figures 5͑a͒ and 5͑b͒ show turbulence length scale ͑l s ͒ and turbulence time scale ͑t s ͒ in the wall region for three different rpm, respectively. These are defined by using the turbulent kinetic energy ͑k͒ and dissipation rate ͑͒ as follows:
where k and are defined as
where ii =2͑‫ץ‬u i Ј/‫ץ‬x k ͒͑‫ץ‬u i Ј/‫ץ‬x k ͒ and repeated indices follow the summation convention. These length and time scales decrease in a consistent manner with increasing rpm. As y + approaches the cylinder surface, both l s and t s gradually decrease, and then their slopes suddenly change in the buffer layer at the edge of the viscous sublayer for all three cases. It is conjectured that this trend is mainly due to the sudden change of the rms velocity fluctuations in that region, Fig. 3 , and is probably associated with the sweeps and ejections usually found in the turbulent wall layer up to y + =15 ͓24͔. Figure 6 shows instantaneous contours of the streamwise velocity fluctuation on the S-z surface at y + = 10 for various rpm. As the rpm increases, the length scales in the circumferential and spanwise directions decrease, and streaks are clearly noticed in the streamwise direction. Particularly, in Fig. 6͑b͒ at rpm= 500, the length scales in the circumferential and spanwise directions are about 300-350 and 100 based on the wall unit, respectively; these length scales are approximately consistent with those inferred from the two-point correlations indicated in Fig. 4 . The contours of flow away from the wall ͑vЈ Ͼ 0͒ and towards it ͑vЈ Ͻ 0͒ are consistent with the streaky structure associated with the ejections and sweeps observed in other turbulent wall layers ͓24͔.
Instantaneous Flow Field.
Severe intermittency, three-dimensionality, and a wide range of turbulent length scales of flow structures limit spectrum analysis using Fourier transform theories. Therefore, in the present study, spectrum analysis using wavelet transform is carried out to elucidate the spatial characteristics of single turbulence events such as sweeps, ejections, and individual vortices or vortical structures more clearly ͓25-28͔.
Wavelet transform is a recently developed mathematical technique, allowing one to transform a field into both space and time scale on a more localized basis. This gives a more direct indication of the extent of structures and also of their frequency content. In its generalized form, the wavelet transform of the real-valued signal function f͑x͒ with respect to the complex valued wavelet ⌿͑T͒ is defined by Eq. ͑6͒. 
where Wf͑a , b͒ is the coefficient of wavelet, a is a scale dilation parameter, b is a translation parameter, and ⌿ * is the complex conjugate of the wavelet function. Accordingly, wavelet coefficient Wf͑a , b͒ can be interpreted as the relative contribution of the scale a to the signal at the location b; the wave number at a local position corresponds to the inverse value of scale a. The most commonly used wavelet is the Morlet wavelet ⌿͑T͒ defined as ͓29͔
where k ͑ϭ6 for the present study͒ denotes a plane wave of the wave vector modulated by a Gaussian envelope of unit width. From the complex-valued wavelet coefficients, one can obtain the modulus Wf M , meaning the energy density, defined as
where Wf R and Wf I are the real and imaginary parts of Wf, respectively. Therefore, Wf M in a specified direction represents the envelope line of maximum Wf R ͓26͔. Figure 7͑c͒ shows the contours of phase ͑Wf P ͒ of Wf R and Wf I , defined as
͑10͒
By examining the contours of Wf p , a wide range of length scales of uЈ in space can be identified. A cone of influence ͓28͔, associated with the major event in the uЈ signal, Fig. 7 , can be seen at S / R i = 3.3-3.4, and is also reflected in the larger values of the modulus contours at the same S / R i . The alignment in phase of the small scales with the large scale event ͑large k S ͒ is readily seen. A similar pattern is seen at S / R i = 0.2. Wavelet transform of uЈ in the spanwise direction at y + = 10 for rpm= 500 is shown in Fig. 8 . The dominant waves with wave numbers of 7-10 appear more evenly in the spanwise direction compared to that in the azimuthal direction ͑Fig. 7͒. However, waves associated with sharp negative peaks seen in Fig. 8͑a͒ lead to high wave numbers of well above 40 which occur intermittently in the spanwise direction. Computationally, this means that a significant number of grid points are required in the spanwise direction to capture these flow events. Actually, the grid-refinement study showed that flow properties are quantitatively sensitive to the resolution in the spanwise direction. The uЈ signal trace of Fig.  8͑a͒ shows major events of closer spacing than that of Fig. 7͑a͒ . These events are also reflected in the modulus and phase of the wavelet transform and are indicative of the streaky structure ͓11͔ seen in Fig. 6. 
Turbulent Kinetic Energy
Budget. In turbulence modeling, the various terms in the Reynolds-stress transport equations ͑RSE͒ must be modeled. Durbin and Pettersson Rief ͓30͔ modified the -equation by introducing dependency on rotational effects. Such modeling is unnecessary with DNS as these terms can be computed explicitly. In the present study, the basic mean flow ͑U͒, which has only the circumferential mean velocity component, is homogeneous in the axial and circumferential directions. Therefore, the budgets of the Reynolds stresses and the turbulent kinetic energy can be given as follows:
where the terms in the right-hand sides of ͑11͒-͑14͒ denote the production rate ͑P͒, turbulent transport rate ͑T͒, viscous diffusion rate ͑D͒, velocity pressure-gradient term ͑⌸͒, Coriolis term ͑C͒, dissipation rate term ͑͒, and kЈ denotes the instantaneous turbulent kinetic energy. These transport equations are nondimensionalized with u *4 / . The velocity pressure-gradient term is presented consistent with the approach described by Mansour et al. ͓12͔. The turbulent kinetic energy budget, Eq. ͑14͒, is simply half the sum of the normal stress components of Eqs. ͑11͒-͑13͒. It is noteworthy that the Coriolis component does not appear in the wЈ 2 budget as it can only occur when a radial movement of fluid is involved. Consequently, the term is equal and opposite in Eqs. ͑11͒ and ͑12͒ to denote a simple interchange of energies. The effect is similar to production with C 11 in Eq. ͑11͒ reducing production of the azimuthal velocity fluctuation while in Eq. ͑12͒ C 22 increases production of the radial velocity fluctuation.
Figures 9͑a͒-9͑c͒ show the turbulent kinetic energy budget for the three different rotational speeds and Fig. 9͑d͒ gives the ratio of production to dissipation rate for the three cases. Comparison with DNS and experimental data of Mansour et al. ͓12͔, Spalart ͓13͔, and Laufer ͓23͔ shows that the trends of different components contributing to the transport of k are similar. Production peaks in the region y + = 10-15. In each of these cases viscous diffusion has a maximum loss between y + =5-10 and rises to a maximum gain at the wall. Below y + ϳ 8 dissipation rate in all cases rises rapidly to a maximum at the wall and is balanced by viscous diffusion.
Turbulent transport of k is significant only in the region y + =5-15 where it changes from a loss to a gain as the wall is approached. In all cases, the pressure related terms are negligible. In the region y + Ͼ 30, only production and dissipation rate remain significant and are in equilibrium as seen from Fig. 9͑d͒ . At the smallest Reynolds number ͑rpm͒ a small excess of dissipation rate over production is noted. This can be attributed to the fact that the flow is only just above transition to turbulent flow. The maximum of production relative to dissipation rate, Fig. 9͑d͒ , near y + =8-10 is consistent with boundary layer, channel, and pipe flows. The data of Figs. 9͑a͒-9͑c͒, although normalized on the shear velocity, indicate a Reynolds number dependence of magnitude of peaks and wall values for production and dissipation rate but location of the peaks is independent of Reynolds number.
In the present case Coriolis effects are present. Figure 10 shows the Coriolis terms in the Reynolds stress budgets of the fluctuating circumferential and radial velocity components for various values of rpm. The magnitude of C 11 equals that of C 22 , and their signs are opposite, as identified in Eqs. ͑11͒ and ͑12͒. As rpm increases, the magnitudes of C 11 and C 22 decrease but this is only due to the normalization used. The Coriolis terms were argued to affect production of uЈ 2 and vЈ 2 and this is the likely reason for the ratio of uЈ 2 / vЈ 2 being just above unity at larger y + whereas values for other nonrotating boundary layers are typically twice this value and higher ͓13,23,24͔. Coriolis terms are seen to be negligible in the laminar sublayer.
Conclusion
In the present study which is of particular relevance in the study of near wall effects such as met in flow affected corrosion, DNS of low Reynolds number turbulent flows around a rotating circular cylinder was performed. Turbulent structures in the flow are qualitatively similar to those of turbulent channel, pipe, and zero pressure gradient boundary layer flows, as confirmed by turbulence statistics but the streamwise turbulence level is lower and the ratio of streamwise to wall normal velocity fluctuation levels is also lower. Logarithmic layer with a slope of the inverse of the von Karman constant is found to exist with respect to the rotating reference frame.
Wavelet transform was performed to examine the spatial and wave number characteristics of the turbulent coherent structures. The dominant waves with wave numbers of 7-10 appear more evenly in the spanwise direction than in the azimuthal ͑stream-wise͒ direction. Moreover, high-wave number waves occur intermittently in the spanwise direction but not in the azimuthal direction thus showing that a wide range of turbulent length scales exists in the spanwise direction. Flow visualization plots indicate streaky structures similar to those found in the other wall flows with similar streamwise to lateral length ratios and are suggestive of the typical ejection and sweep dominated near wall flows. The spacing of these structures decreases as the rotational speed of the cylinder increases.
The terms in the transport equations for the Reynolds stresses and turbulent kinetic energy were computed by using DNS data produced in the present study. As Reynolds number ͑rpm͒ increases, so do the production and dissipation rates in the turbulent kinetic energy budget even though these are normalized with the shear velocity. While levels of the various turbulent kinetic energy budget terms differ from pipe, duct, and boundary layer flows, their ratios are similar, including the ratio of production to dissipation which tends to unity in the outer flow.
Coriolis effects are shown to be equivalent to additional production which leads to an effective reduction in the azimuthal velocity fluctuation relative to the radial one. Consequently, the Transactions of the ASME ratio of the two is lower than for channel, pipe, and zero pressure gradient boundary layer flows. The normalized magnitudes of Coriolis terms in the Reynolds stress budgets decrease as rpm increases. They are significant in the bulk of the flow but become negligible in the laminar sublayer.
